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Exact and analytic solutions in Einstein-Aether scalar field theory with a Kantowski-Sachs back-
ground space are determined. The theory of point symmetries is applied to determine the functional
form of the unknown functions which defines the gravitational model. Conservation laws are applied
to reduce the order of the field equations and write the analytic solution. Moreover, in order to
understand the physical behaviour of the cosmological model a detailed analysis on the asymptotic
behaviour for the gravitational field equations is performed.
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1. INTRODUCTION
The detailed analysis of the cosmic microwave background (CMB) shows the existence of anisotropies which are
small enough to suggest that anisotropic models of spacetimes become isotropic by evolving in time [1–3]. According
to this scenario, the mechanism which explains the isotropization of the observable universe today is called inflation
[4]. Inflation occurs when the potential part of a scalar field, known as inflaton, dominates in the gravitational field
equations and drives the dynamics. Because anisotropic spacetimes describe the pre-inflationary era, their analysis in
the presence of scalar fields is of special interest for the study of the early universe.
The main class of cosmological models which describe spatially homogeneous and (in general) anisotropic spacetimes
consists of the Bianchi cosmologies. There are various studies in the literature with the existence of scalar fields in
Bianchi spacetimes: Some exact anisotropic spacetimes are determined in [5] where it is found that an exponential
scalar field provides power-law scale factors. The asymptotic behaviour of the dynamics for the Bianchi I model with
exponential potential is studied in [6] while the analytic solution of the later model is found in [7]. Some other studies
on anisotropic universes are presented in [8–12] and references therein.
In this work we are interested in the Lorentz violating inflationary model proposed in [13]. That model belongs to
the family of Einstein-Aether scalar field theory [14] where the scalar field is coupled to the Aether field and there is
an interaction between the two [13]. In particular, the coefficient components which define the Aether Action Integral
are assumed to be functions of the scalar field. In this case the field equations provide two inflationary stages, the
Lorentz-violating stage and the standard slow-roll. In the Lorentz-violating state, the universe expands as an exact
de Sitter spacetime, although the inflaton field is rolling down the potential.
In the context of exact and analytic solutions for the Einstein-Aether scalar field theory there are very few studies
in the literature [15, 16]. As far as the inflationary model of Kanno and Soda [13] is concerned, in [17, 18] the
unknown functions of the model were determined in the cases of a Friedmann–Lemaître–Robertson–Walker or Bianchi I
background spaces so as for the gravitational field equations to admit conservation laws and the resulting gravitational
system to be Liouville integrable. In this work, we extend the latter analysis by considering a Kantowski-Sachs
background space [19]. The Kantowski-Sachs spacetime is a locally rotational spacetime which admits the isometry
group R×SO(3), which does not act simply transitively on the spacetime, nor does its three dimensional subgroup have
a simple transitive action on some spacelike hypersurface. Hence - even though the model is spatially homogeneous -
it does not belong to the Bianchi classification. An interesting characteristic of the Kantowski-Sachs model is that in
the limit of isotropization the dynamics of the scale factor resemble those of a closed Friedmann–Lemaître–Robertson–
Walker space-time.
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2The approach that is followed for the determination of solutions for the field equations is based on the determi-
nation of conservation laws for the field equations. A main property of that specific gravitational model is that the
gravitational field equations admit a minisuperspace and can be derived by a the variation of a point-like Lagrangian.
The existence of the latter is essential because techniques from Analytic Mechanics can be applied [20, 21] while at the
same time it can be used as the base in a quantization process of the theory, for instance see [22–24]. The approach
that we apply for the determination of conservation laws is that of Lie’s theory and in particular Noether’s theorem.
This methodology is widely utilized in various cosmological models with interesting results [25–35].
Kantowski-Sachs have been widely studied in the literature. In the case where a perfect fluid is introduced the
spacetime is geodesically incomplete [36], both to the past and to the future, and that at each resulting finite. The
case of cosmological constant was studied in [37]. In the other hand, an exact solution of field equations for Kantowski-
Sachs background space with cosmological constant was found in [38]. For some other studies we refer the reader
in [39–51] and references therein. In the case of Einstein-aether theory in [52] the authors presented a generic static
spherical symmetric solution, where it has been shown that the Schwarzschild spacetime is recovered. In addition, the
dynamics of spatially homogeneous Einstein-aether cosmological models with a scalar field possessing a generalized
harmonic potential, in which the scalar field is coupled to the aether field expansion and shear scalars, are studied in
[53–57].
The plan of the paper is as follows: In Section 2, the cosmological model under consideration is defined and the field
equations and the point-like Lagrangian are presented. The new exact and analytic solutions of the gravitational field
equations for a Kantowski-Sachs background space are presented in Section 3. In Section 4, the asymptotic behaviour
of the field equations is analized, which allows to understand the dynamics and the evolution of the cosmological
solutions of the previous section. Finally, in Section 5, the results are discussed and the conclusions are drawn.
2. FIELD EQUATIONS
The Einstein-Scalar field model proposed by Kanno and Soda [13] in which the Aether coefficients are functions of
the scalar field is considered, that is, the gravitational Action Integral is
S =
∫
dx4
√−g
(
R
2
− 1
2
gµνφ;µφ;ν − V (φ)
)
− SAether, (1)
where SAether is the Action Integral for the Aether field, defined as
SAether =
∫
dx4
√−g
(
β1 (φ)u
ν;µuν;µ + β2 (φ) (g
µνuµ;ν)
2
)
+
+
∫
dx4
√−g (β3 (φ)uν;µuµ;ν + β4 (φ)uµuνuα;µuα;ν − λ (uµuν + 1)) , (2)
and λ is a Lagrange multiplier which ensures the unitarity of the Aether field uµ. Functions β1, β2, β3 and β4 define
the coupling between the aether field and the gravitational field, and while in the Einstein-aether theory are constant,
in this consideration are functions of the scalar field φ (xµ). This specific gravitational model is of special interest
because in the case of a Friedmann–Lemaître–Robertson–Walker (FLRW) universe provides two periods of inflation,
the slow-roll epoch and a second inflationary era which follows from the domination of the Lorentz violating terms.
Exact and analytic solutions for this gravitational theory were found in [17] for the homogeneous and isotropic FLRW
universe and in [18] for the isotropic and inhomogeneous Bianchi I spacetime.
In this work, we extend the analysis of the previous works by investigating the existence of exact solutions when
the underlying space is then Kantowski-Sachs spacetime with line-element:
ds2 = −N (t) dt2 + e2λ(t)
(
e2β(t)dx2 + e−β(t)
(
dθ2 + sin2 θ dϕ2
))
. (3)
Function N (t) is the lapse function, eλ(t) is the radius of the three dimensional space and β (t) is the anisotropic
parameter.
In the previous studies [17, 18] it is demonstrated that the gravitational field equations for the Action Integral (1)
can be reproduced by the variation of a point-like Lagrangian which has as dynamical variables the unknown functions
of the spacetime, that is, N (t) , λ (t) , β (t) and the scalar field φ (t). At this point, we remark that the scalar field
φ is assumed to inherit all the isometries of the Kantowski-Sachs spacetime.
By identifying the aether field with the velocity of a comoving observer, that is uµ = Nδ
µ
t , the point-like Lagrangian
which produces the gravitational field equations is
L
(
N,λ, λ˙, β, β˙, φ, φ˙
)
=
e3λ
N
(
−3F (φ) λ˙2 + 3
8
M (φ) β˙2 +
1
2
φ˙2
)
−Ne3λ (V (φ)− eβ−2λ) , (4)
3where functions F (φ) , M (φ) are related with the coefficient functions β, as follows
F (φ) = (1 + β1 (φ) + 3β2 (φ) + β3 (β)) , (5)
M (φ) = 2 (1− 2 (β1 (φ) + β3 (φ))) . (6)
The gravitational field equations are equivalent to
F (φ)
(
2λ¨+ 3λ˙2
)
+
3
8
M (φ) β˙2 +
1
2
φ˙2 − V (φ) + 2F (φ),φ λ˙φ˙+
1
3
eβ−2λ = 0, (7)
M (φ) β¨ + 3M (φ) λ˙β˙ +M (φ),φ β˙φ˙−
4
3
eβ−2λ = 0, (8)
φ¨+ 3λ˙φ˙+ V (φ),φ + 3F (φ),φ λ˙
2 − 3
8
M (φ),φ β˙
2 = 0, (9)
with constraint equation
− 3F (φ) λ˙2 + 3
8
M (φ) β˙2 +
1
2
φ˙2 + V (φ)− eβ−2λ = 0, (10)
where the lapse function N (t) = 1 is selected.
The field equations form a three-dimensional system with three unknown functions, namely the functions
F (φ) , M (φ) and V (φ), and one conservation law, the constraint equation (10). The dynamical system is non-
linear and a selection rule should be applied in order to specify the unknown functions and construct exact solutions.
Specific functional forms of F (φ) , M (φ) and V (φ) are investigated such that the gravitational field equations to
admit additional conservation laws which can lead to Liouville integrable models. The latter systems admit solutions
which can be expressed with the use of closed-form functions, that is, exact solutions, or with the use of algebraic
conditions. This approach is widely applied in various alternative theories of gravity with interesting results. It is
also the method which is utilized in [17, 18] for the determination of exact and analytic solutions. Another interesting
characteristic of this selection rule is of geometric origin, because there is a one to one relation between the conservation
laws and the geometry of the minisuperspace which defines the kinetic part of the point-like Lagrangian (4) for more
details the reader is referred to the discussion in [58].
3. EXACT SOLUTIONS
In this section the conservation laws of the field equations for specific forms of the unknown functions are determined.
Subsequently they are applied so as to derive exact solutions. In order to infer about the Liouville integrability of the
dynamical system there are needed at least two additional conservation laws to be determined, which are independent
and in involution with the constraint equation (10).
3.1. Case A: F (φ) = M (φ)
When F (φ) = M (φ), the only unknown functions are the F (φ) and the scalar field potential V (φ) . We follow the
procedure described in [59] to determine conservation laws for the field equations (7)-(10).
Thus for F (φ) = φ2 and V (φ) = V0, the field equations admit the additional conservation law
I1 = e
3λφ
(
φ
(
β˙ − 4λ˙
)
− 2φ˙
)
(11)
generated by the Noether point symmetry X1 = − 32 t∂t + 12∂λ + ∂β − 32φ∂φ. While the integrability of this model
cannot be inferred, the Noether symmetry can be used to determine an exact solutions. Indeed by using the Lie
invariants of the Lie symmetry vector it follows the exact solutions
λ (t) = − ln t, β (t) = −2 ln t, φ (t) = t√
3
with V0 =
4
3
. (12)
4This is an anisotropic solution where the line element (3) is written
ds2 = −dt2 + t−6dx2 + dθ2 + sin2 θdϕ2. (13)
However, in the special limit where V (φ) = 0, the analysis differs. Specifically, in the case of the massless scalar
field the gravitational field equations admit the conservation laws
I¯1 = φ
2e3λ
(
2λ˙+ β˙
)
, (14)
I2 = φe
3λ
(
3φλ˙+ φ˙
)
, (15)
and
I3 = φe
3λ
(
φ (3β − 2 lnφ) λ˙− φβ˙ (3λ+ lnφ) + φ˙ (β + 2λ)
)
. (16)
Remarkably, the conservation laws I¯1, I2 are in involution, that is,
{
I¯1, I2
}
= 0, where {, } is the Poisson bracket.
Hence, it can be inferred that the gravitational field equations form an integrable dynamical system.
By applying the change of variables
β = −4λ+ u, φ = ev−2λ,
the point-like Lagrangian (4) for N (t) = φ2e3λ simplifies to
L
(
λ, λ˙, u, u˙, v, v˙
)
= 5λ˙2 +
3
8
u˙2 +
1
2
v˙2 − 3u˙λ˙− 2v˙λ˙+ eu+2v−4λ (17)
from where we can write the Hamiltonian function
H ≡ − 1
12
(
8p2u − 2p2v + 4pvpλ + p2λ + 8pu (2pv + pλ)
)− eu+2v−4λ = 0 (18)
where pλ = 10λ˙− 3u˙− 2v˙, pu = 34 u˙− 3λ˙ and pv = v˙ − 2λ˙.
The conservation laws I¯1, I2 become (note that due to changing the time gauge, the corresponding expressions in
the right hand side of (14), (15) linear in the velocity need to be multiplied by N−1):
I¯1 = −1
3
(2pv + pλ) , (19)
I2 = −1
2
(4pu + pλ) . (20)
Therefore, with the use of the latter conservation laws we can solve the Hamilton-Jacobi equation and reduce
the order of the dynamical system and write the analytic solution of the problem. In the simplest case where
I¯1 = 0 , I2 = 0, the action S (λ, u, v) is
S (λ, u, v) =
√
3e
u
2 +v−2λ (21)
which gives the reduced system
λ˙ = − 1√
3
e
u
2 +v−2λ , u˙ = − 2√
3
e
u
2 +v−2λ , v˙ =
1√
3
e
u
2 +v−2λ. (22)
Thus we can write the solution in terms of the radius λ, that is
du
dλ
= 2 ,
dv
dλ
= −1 (23)
from where we find u (λ) = 2λ + u0 , v = −λ + v0, hence, β = −2λ + u0 , φ = e−3λ+v0 , and N (λ) = e−3λ+2v0 .
Finally, from the first of (22) we are able to deduce λ which reads
λ(t) =
1
2
ln
(
±2e
u0
2 +v0√
3
t+ λ0
)
. (24)
5We can transform the solution so as for the metric to be expressed with respect to the cosmic time τ for which
N(τ) = 1. With the help of a transformation t 7→ τ with
t = ±
√
3
2
e−
3u0
2 −v0
(
3e2v0
τ2
− λ0eu0
)
(25)
the final solution reads
ds2 = −dτ2 + τ2dx2 + e
α
τ4
(
dθ2 + sin2 θdϕ2
)
, (26)
where also an appropriate scaling in the x variable and a reparametrization of the constants 9e4v0−3u0 = eα has taken
place in order to simplify the line element. The corresponding massless scalar field is given in this time gauge by
φ(τ) = e
−α
2√
3
τ3.
In the most general case where I¯1 I2 6= 0 the solution of the Hamilton- Jacobi equation is expressed as follows
S (λ, u, v) =
1
4
[
3
2
(u− 2(2λ+ v)) I¯1 − (3u+ 2v − 4λ)I2 +
√
48eu+2v−4λ − S1(I¯1, I2)
−
√
S1(I¯1, I2) arctan
(√
48eu+2v−4λ − S1(I¯1, I2)√
S1(I¯1, I2)
)] (27)
where S1
(
I¯1, I2
)
= 3
(
3I¯21 − 12I¯1I2 − 4I22
)
. Although deriving the solution in a similar manner becomes more cum-
bersome, we can use the third integral of motion (16), which in phase space variables is written as
I3 =
1
6
((8λ− 3u+ 2v)pλ − 12(u− 2λ)pu + 4(λ+ v)pv) , (28)
to obtain additional information. If we exploit (19) and (20) with the means to substitute two of the momenta in
expression (28), we observe that the latter leads to an algebraic relation among the configuration space variables. In
particular we get
u =
(I¯1 + 2I2)λ+ I¯1v + I3
I2
, (29)
for which we assume from now on that I2 6= 0. If we turn back to the expression (20) for the integral of motion I2 we
see that, in the velocity phase space, it is written as
I2λ˙+ v˙ ⇒ v(t) = I2t− λ+ v0. (30)
At this point we need to determine λ. We have no additional integrals of motion to exploit so we turn to the field
equations. Under the conditions we have imposed on F , M , V - together with the relations obtained (29), (30) -
equation (9) becomes (remember that it is needed to reinstate the lapse function N in (9) and then apply the current
gauge fixing condition N = φ2e3λ):
12λ¨− 12(I¯1 + 2I2)λ˙+ 24λ˙2 + 3I¯21 + 4I22 = 0 (31)
which is essentially a first order relation due to not involving λ itself. It can be easily integrated to yield
λ(t) = λ1 +
(I¯1 + 2I2)
4
t+
1
2
ln
[
cos
(
1
6
√
S1(I¯1, I2)(t− λ2)
)]
, (32)
where λ1, λ2 are constants of integration. Finally, the constraint relation (10) (again the new lapse has to be taken
into acount) sets a condition among the constants of integration
λ1 =
1
4
ln
48e I¯1v0+2I2v0+I3I2
S1(I¯1, I2)
 . (33)
With the help of the above, we can write the corresponding line element as
ds2 = − e
αt[
cos
(√
S˜1t
)]3 dt2 + e−αt
cos
(√
S˜1t
)dx2 + e 12(α+√3√α2−6S˜1)t [β0 cos(√S˜1t)]2 (dθ2 + sin2 θdϕ2) , (34)
6where, for simplification, again we performed a scaling in x together with an appropriate transformation in time
t 7→ e β02 t+ λ2 and a reparametrization of constants (I¯1, I2, I3, λ2) 7→ (S˜1, α, β1, β0) as
S˜1 =
eβ1S1(I¯1, I2)
36
, α = −1
2
e
β1
2 (3I¯1 − 2I2), I3 = 2
3
I2
[
β1
4
+ αe−
β1
2
(
v0
I2
+ λ2
)
+ ln
(
3
√
3
8
e−
3β1
4 S˜
3
2
1
)]
λ2 =
4
[
ln
(
3β2S˜1
4
)
− β1 − 2v0
]
e−
β
2
(
2α+
√
12
√
α2 − 6S˜1
) . (35)
Under these changes the scalar field is given by
φ(t) =
2e
1
4
(
α−√3
√
α2−6S˜1
)
t
√
3β0
√
S˜1
[
cos
(√
S˜1t
)] 3
2
. (36)
Even though the above solution was extracted under the assumption I2 6= 0, if we enforce from the beginning I2 = 0
and follow a similar procedure, we are led to the same form for the line element but by the application of a different
reparametrization for the constants of integration.
3.2. Case B: F (φ) 6= M (φ)
We continue our analysis by assuming F (φ) 6= M (φ). By applying the algorithm described in [59] we find that
the gravitational field equations admit additional conservation laws linear in the momentum when V (φ) = 0, and
Subcase B1 with {F (φ) ,M (φ)} =
{
F0, e
2
3
√
6
F0
φ
}
or Subcase B2 where {F (φ) ,M (φ)} =
{
cos
(
2
3
√
3
F0
φ
)
+ 1,M0
}
,
or Subcase B3 with {F (φ) ,M (φ)} arbitrary.
3.2.1. Subcase B1
In the first Subcase the gravitational field equations admit the additional conservation laws
I4 =
e3λ
N
(
2F0λ˙+ e
2
3
√
6
F0
φ
β˙
)
, (37)
I5 =
e
λ+
√
6
F0
φ
3
N
(√
6F0λ˙+ φ˙
)
, (38)
where we have expressed them in an arbitrary gauge N = N(t).
The two new conservation laws are not in involution, hence we can not infer about the integrability of the dynamical
system. However, we are able to integrate the equations in the special case where I5 = 0. Let us choose to work in
the time gauge N = e3λ+
2
3
√
6
F0
φ. Then, the integral of motion (37) leads to
φ(t) =
1
2
√
3F0
2
ln
(
2F0λ˙
I4 − β˙
)
. (39)
Use of the above expression into (38) yields an equation easily integrated with respect to β with solution
β(t) =
∫ [
I4 − 1
12
e4λ (β1 + 4I5t)
2
λ˙
]
dt. (40)
With the help of (39), (40) and introducing a function ω(t) as λ(t) = 14 lnω, the Euler-Lagrange equation for φ
becomes
(β1 + 4I5t)
2ω¨ +
1
96
(β1 + 4I5t)
4ω˙2 − (β1 + 4I5t) (β1I4 + 4I5(I4t− 4)) ω˙ + 32I25ω + 24I24 = 0. (41)
7In the special case where I5 = 0 the above equation has the simple solution
ω(t) =
48
β21
(
I4t+ 2 ln
(
t− β21ω1
))
+ ω2. (42)
Of course, solving (41) is not enough, we need to make sure that the constraint equation is also satisfied. The latter
leads to the additional condition among constants β1 = 4e
β2
2
√
F0.
After a scaling in x, a transformation
t 7→ 2
3/4e
3β2
4
3F
1/4
0
t+ ω1 (43)
and reparametrizations of the constants of integration (ω1, I4) 7→ (t0, I˜4):
ω1 =
1
6I4
(
t0 − 9β2 − 2eβ2F0ω2 + 3 ln
(
81F0
8
))
, I4 =
e−
3β2
4 I˜4F
1/4
0
2× 23/4 , (44)
the final solution is expressed as
ds2 = − 1√
12 ln(t) + I˜4t+ t0
dt2 +
√
12 ln(t) + I˜4t+ t0
t4
dx2 +
2t2
9F0
√
12 ln(t) + I˜4t+ t0
(
dθ2 + sin2 θdϕ2
)
, (45)
corresponding to the scalar field
φ(t) =
1
2
√
3F0
2
ln
(
3F0
12 ln(t) + I˜4t+ t0
)
. (46)
As long as the generic case where I5 6= 0 is concerned, we may just notice, that there exists a transformation that
can render (41) autonomous or, alternatively, reduce its order and replace it with an Abel equation. In the first case
application of the transformation (t, ω(t)) 7→ (s, ζ(s))
t =
e4I5s − β1
4I5
, ω =
e−8I5s
(
I5ζ − 12I4
(
e4I5s − β1
))
I5
(47)
leads to
ζ ′′ +
1
96
ζ ′2 −
(
2β1I4 +
1
6
I5ζ + 4I5
)
ζ ′ +
2I25
3
ζ2 + 16β1I4I5ζ + 96β
2
1I
2
4 = 0, (48)
where the prime denotes now the derivatives with respect to the new variable s. The obvious solution ζ = − 12β1I4I5
does not lead to a valid result since the constraint then demands I4 = 0, which makes the corresponding λ(t) =
1
3 ln
[
−12I4
I5(4I5t+β1)
]
diverge.
On the other hand, by introducing the transformation (interchanging ζ and s in (47))
t =
e4I5ζ − β1
4I5
, ω =
e−8I5ζ
(
I5s− 12I4
(
e4I5ζ − β1
))
I5
, (49)
together with the additional use of ζ =
∫
χ(s)ds, we obtain
χ′ − 1
3
2(12β1I4 + I5s)
2χ3 +
(
2β1I4 +
1
6
I5(s+ 24)
)
χ2 − χ
96
= 0. (50)
Once more the obvious solution χ = 0 does not lead to a valid result since it implies ζ =const.⇒ t =const.
83.2.2. Subcase B2
In the second case the additional conservation laws are derived to be
I6 = e
3λ
(
2
(
cos
(
2
3
√
3
M0
φ
)
+ 1
)
λ˙+M0β˙
)
(51)
I7 = e
− β2 +3λ
(
3 sin
(
1
3
√
3
M0
φ
)
M0β˙ + 2
√
3M0 cos
(
1
3
√
3
M0
φ
)
φ˙
)
(52)
while the conservation laws are not in involution. Therefore, the integrability of the field equations can not be further
discussed.
3.2.3. Subcase B3
In the most general Subcase with two arbitrary functions {F (φ) ,M (φ)} and massless scalar field, that is, V (φ) = 0,
the gravitational field equations admit the additional conservation law
I8 = e
3λ
(
2F (φ) λ˙+M (φ) β˙
)
(53)
which includes the conservation laws I¯1, I4 and I6.
In the following analysis the asymptotic behaviour of the equation’s solutions is studied, and a detailed study of
the stationary points for the field equations is performed.
4. ASYMPTOTIC BEHAVIOUR
In order to study the evolution of the dynamics of the gravitational model the following dimensionless variables are
defined:
x =
φ˙√
6Fλ˙
, y =
√
V
3Fλ˙2
, Σ =
1
2
√
M
2F
β˙
λ˙
, R(3) =
eβ−2λ
3Fλ˙2
(54)
The model A, with M (φ) = F (φ) and F (φ) = φ2 is discussed. The gravitational field equations are written in the
form of the following algebraic-differential system
dx
dλ
= −
√
3
2
(
2 + µy2 − 2Σ2)+ x(x(√6 + 2x)− 2− y2 + 2Σ2) , (55)
dy
dλ
=
1
2
y
(
2 + 4x2 − 2y2 +
√
6 (2 + µ)x+ 4Σ2
)
, (56)
dΣ
dλ
= y2
(√
2− Σ
)
+
(√
2 + 2Σ
) (
x2 + Σ2 − 1) , (57)
with algebraic equation
1− x2 − y2 − Σ2 +R(3) = 0. (58)
The additional equation
dR(3)
dλ
= R(3)
[
2
(
Σ
(
2Σ +
√
2
)
+ x
(
2x+
√
6
)
− y2
)]
, (59)
is derived, from which it follows the sign invariance of R(3). Under the assumption F > 0, the phase space will be
given by the exterior and the surface of the hemisphere:
{(x, y,Σ) ∈ R3 : x2 + y2 + Σ2 ≥ 1, y ≥ 0}. (60)
9For the scalar field the potential V (φ) = V0φµ, have assumed. The special case µ = 0 corresponds to the cosmological
constant term, while y = 0 corresponds to the massless scalar field. Each point P = (x (P ) , y (P ) ,Σ (P )) at which
the right hand side of (55)-(56) vanishes is a stationary point of the dynamical system and describes an specific epoch
of the cosmological evolution.
The stationary points of the field equations are calculated:
P±1 [x] =
(
x, 0,±
√
1− x2
)
,
P2 =
(
−
√
3
2
, 0,−
√
2
2
)
,
P3 =
(
−µ+ 2√
6
,
√
2− µ (µ+ 4)
6
, 0
)
,
P4 =
−
√
2
3 (1 + 2µ)
2 + µ (µ− 1) ,
√
(4− 3µ) (4 + µ (µ− 8))
3 (2 + µ (µ− 1))2 ,
2− µ (µ+ 2)√
2 (2 + µ (µ− 1))
 .
Points P±1 [x] correspond to the same dynamics as in the case of an anisotropic Bianchi I spacetime where
R(3)
(
P±1 [x]
)
= 0 and only the kinetic part of the scalar field contributes to the cosmological fluid. The points
are real when |x| ≤ 1 while in the limit |x| = 1, the dynamics at P (±)1 [x] become that of spatially flat FLRW space.
The eigenvalues of the linearized system around the stationary points are:
e1
(
P+1 [x]
)
= 0, e2
(
P+1 [x]
)
= 3 +
√
3
2
(µ+ 2)x, e3
(
P+1 [x]
)
= 2
(
2 +
√
6x+
√
2 (1− x2)
)
and
e1
(
P−1 [x]
)
= 0, e2
(
P−1 [x]
)
= 3 +
√
3
2
(µ+ 2)x, e3
(
P−1 [x]
)
= 2
(
2 +
√
6x−
√
2 (1− x2)
)
.
The lines P (±)1 [x] are normally-hyperbolic invariant sets. Indeed, the parametric curves can be expressed as:
r(x) =
(
x, 0,±
√
1− x2
)
.
Its tangent vector evaluated at a given x is:
r′(x) =
(
1, 0,∓ x√
1− x2
)
,
is parallel to the eigenvector corresponding to the zero eigevalue, given by:
v(x) =
(
∓
√
1− x2
x
, 0, 1
)
.
In this particular case, the stability can be studied considering only the signs of the real parts of the non-zero
eigenvalues. In this way it is concluded that P+1 [x] is a sink for:
√
6− 2 < µ ≤ 4− 2
√
3, −1 ≤ x < −
√
6
µ+ 2
,
or
µ > 4− 2
√
3, −1 ≤ x < 1
4
(
−
√
2−
√
6
)
.
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P+1 [x] is a source for:
µ ≤ −2−
√
6,
1
4
(
−
√
2−
√
6
)
< x < −
√
6
µ+ 2
,
or
−2−
√
6 < µ < 4− 2
√
3,
1
4
(
−
√
2−
√
6
)
< x ≤ 1,
or
µ ≥ 4− 2
√
3, −
√
6
µ+ 2
< x ≤ 1.
P+1 [x] is a saddle for:
µ =
√
6− 2, −1 < x < 1
4
(
−
√
2−
√
6
)
,
or
µ <
√
6− 2, −1 ≤ x < 1
4
(
−
√
2−
√
6
)
,
or
√
6− 2 < µ < 4− 2
√
3, −
√
6
µ+ 2
< x <
1
4
(
−
√
2−
√
6
)
,
or
µ < −2−
√
6, −
√
6
µ+ 2
< x ≤ 1,
or
µ > 4− 2
√
3,
1
4
(
−
√
2−
√
6
)
< x < −
√
6
µ+ 2
.
On the other hand, P−1 [x] is a sink for:
√
6− 2 < µ ≤ 4 + 2
√
3, −1 ≤ x < −
√
6
µ+ 2
,
or
µ > 4 + 2
√
3, −1 ≤ x < 1
4
(√
2−
√
6
)
;
P−1 [x] is a source for:
µ ≤ −2−
√
6,
1
4
(√
2−
√
6
)
< x < −
√
6
µ+ 2
,
or
−2−
√
6 < µ < 4 + 2
√
3,
1
4
(√
2−
√
6
)
< x ≤ 1,
or
µ ≥ 4 + 2
√
3, −
√
6
µ+ 2
< x ≤ 1.
Finally, P−1 [x] is a saddle for:
µ < −2, x > −
√
6
µ+ 2
,
11
or
µ > −2, x < −
√
6
µ+ 2
,
or
1
4
(√
2−
√
6
)
< x ≤ 1.
For point P2 is calculated R(3) (P2) = 1, and because Σ (P2) 6= 0, the exact solution describes a Kantowski-Sachs
spacetime where only the kinetic part of the scalar field contributes in the exact solution. The following eigenvalues
of the linearized system around P2 are derived:
e1 (P2) = 2, e2 (P2) = 2− 3
2
µ, e3 (P2) = 2,
from where it is concluded that the stationary point is a saddle point.
Point P3 has Σ (P3) = 0, and R(3) (P3) = 0, which means that the exact solution at the point approaches that of a
spatially flat FLRW universe. The point is real when |µ+ 2| < √6. The parameter for the equation of state for the
cosmological fluid is wtot (P3) = 13
(
µ2 − 7) from where it is inferred that the exact solution describes an accelerating
universe when −√6 < µ < −2 +√6. The eigenvalues of the linearized system around P3 are
e1 (P3) = −2 + µ (µ+ 2) , e2 (P3) = 1
2
(−2 + µ (µ+ 4)) , e3 (P3) = 1
2
(−2 + µ (µ+ 4))
from where we conclude that the stationary point is an attractor when −1−√3 < µ < −2 +√6.
Finally for P4 it is derived R(3) (P4) = − (4+µ(µ−8))(µ(µ+2)−2)2(µ(µ−1)+2)2 , where the exact solution is that of a Kantowski-Sachs
space. The point is real for µ < 2
(
2−√3) and 43 < µ < 2 (2 +√3) while when µ = 2 (2±√3) the evolution of the
scale factors simulates those of an anisotropic Bianchi I space, or when µ = −1−√3 where the exact solution follows
the behaviour of a spatially flat FLRW spacetime. The eigenvalues of the linearized system around P4 are calculated:
e1 (P4) = −1 + 7µ− 2
2 + µ (µ− 1)
e± (P4) = −8 + µ (µ (µ− 7) (µ− 2)− 20)
2 (2 + µ (µ− 1))2 ±
1
2
√
∆
with ∆ (µ) = (4 + µ (µ− 8)) (36 + µ (3µ (4µ+ 3)− 64)), from where it is concluded that for µ < −1−√3 the station-
ary point is an attractor and the exact solution is stable.
4.1. Compactification procedure
In order to find a compact phase space for R(3) ≥ 0 is used the equation
1 =
x2
1 +R(3)
+
y2
1 +R(3)
+
Σ2
1 +R(3)
, Z =
1√
1 +R(3)
, (61)
to define bounded variables. Indeed, choosing
X =
x√
1 +R(3)
, Y =
y√
1 +R(3)
, Z =
1√
1 +R(3)
, (62)
with inverse functions
x =
X
Z
, y =
Y
Z
, Σ =
√
1−X2 − Y 2
Z
, R(3) =
1− Z2
Z2
, (63)
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the following dynamical system is obtained:
Z
dX
dλ
= X
(√
2
(
Z2 − 1)√1−X2 − Y 2 − 3Y 2Z)+√6X2 (Z2 − 1)−√3
2
(
(µ+ 2)Y 2 + 2
(
Z2 − 1)) , (64)
Z
dY
dλ
=
1
2
Y
(
2
√
2Z2
√
1−X2 − Y 2 − 2
√
2
√
1−X2 − Y 2 +
√
6X
(
µ+ 2Z2
)− 6 (Y 2 − 1)Z) , (65)
Z
dZ
dλ
= − (1− Z2) (√2Z√1−X2 − Y 2 +√6XZ − 3Y 2 + 2) , (66)
defined on the compact phase space
{(X,Y, Z) ∈ R3 : X2 + Y 2 ≤ 1, Y ≥ 0, 0 ≤ Z ≤ 1}. (67)
The isotropic universes corresponds to the invariant circle X2 + Y 2 = 1. Using the parametrization
X = cos Φ, Y = sin Φ, Φ ∈ [0, pi], (68)
the dynamics over the invariant circle is given by
dΦ
dλ
=
1
2Z
sin(Φ)
(√
6
(
µ+ 2Z2
)
+ 6Z cos(Φ)
)
, (69)
dZ
dλ
= − 1
2Z
(
1− Z2) (3 cos(2Φ) + 2√6Z cos(Φ) + 1) . (70)
The isotropic universes are calculated to be:
P1+ = P
(+)
1 [1] = P
(−)
1 [1] : (Φ, Z) = (2npi, 1) , {x = 1, y = 0,Σ = 0, R(3) = 0},
P1− = P
(+)
1 [−1] = P (−)1 [−1] : (Φ, Z) = ((2n+ 1)pi, 1) , {x = −1, y = 0,Σ = 0, R(3) = 0},
P3 : (Φ, Z) =
(
tan−1
(
−µ+ 2√
6
,
√
2− µ(µ+ 4)√
6
)
+ 2npi, 1
)
,
{
x = −µ+ 2√
6
, y =
√
2− µ(µ+ 4)√
6
,Σ = 0, R(3) = 0
}
,
where n ∈ Z and tan−1[x, y] gives the arc tangent of y/x, taking into account on which quadrant the point (x, y) is
in. When x2 + y2 = 1, tan−1[x, y] gives the number Φ such as x = cos Φ and y = sin Φ.
P5 : (Φ, Z) =
(
(2n+ 1)pi,
√
2
3
)
,
{
x = −
√
3
2
, y = 0,Σ = 0, R =
1
2
}
.
P5 is not a stationary point of the original system (55)-(56) since Σ′(P5) =
√
2
2 , but it is a stationary point of (64),
(65), (66).
P6 : (Φ, Z) =
(
tan−1
(
1√
3
√
1− µ,
√
2− 3µ√
3
√
1− µ
)
+ 2npi,− µ√
2(1− µ)
)
,
x = −
√
2
3
µ
, y = −
√
4
3 − 2µ
µ
,Σ = 0, R(3) =
2(1− µ)
µ2
− 1
 ,−1−√3 ≤ µ < 0.
P6 is not a stationary point of the original system (55)-(56) since Σ′(P6) =
√
2(2−µ(µ+2))
µ2 .
For P1+ the eigenvalues of the reduced 2D system are e2(P1+) = 3 +
√
3
2 (µ+ 2), e3(P1+) = 2
(
2 +
√
6
)
. It is a source
for µ > −2−√6, nonhyperbolic for µ = −2−√6, saddle for µ < −2−√6.
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FIG. 1: Unwrapped solution space (left panel) and projection over the cylinder S (right panel) of the solution space of system
(69) - (70) for µ = −1−√3, 1
2
(−3−√3−√6) ,−2 +√6. The region Z < 0 is nonphysical.
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For P1− the eigenvalues of the reduced 2D system are e2(P1−) = 3 −
√
3
2 (µ + 2), e3(P1−) = 2
(
2−√6). It is a sink
for µ >
√
6− 2, nonhyperbolic for µ = √6− 2, saddle for µ < √6− 2.
For P3 the eigenvalues of the reduced 2D system are e1(P3) = µ(µ + 2) − 2, e2(P3) = 12 (µ(µ + 4) − 2). It is a sink
for −1−√3 < µ < √6− 2, nonhyperbolic for µ = −1−√3, or µ = √6− 2, saddle otherwise.
For P5, the eigenvalues are e1(P5) = 1, e2(P5) = 1 − 3µ2 . It is a source for µ < 23 , nonhyperbolic for µ = 23 , it is a
saddle for µ > 23 . For P6 the eigenvalues of the reduced system are e1(P6) = −1 + 1µ −
√
µ(6µ2+9µ−22)+9
µ , e2(P6) =
−1 + 1µ +
√
µ(6µ2+9µ−22)+9
µ . Nonhyperbolic for µ = −1−
√
3, saddle otherwise.
In Figure 1 the unwrapped solution space (left panel) and projection over the cylinder S (right panel) of the solution
space of system (69) - (70) for µ = −1−√3, 12
(−3−√3−√6) ,−2+√6 is presented. The domain of Φ was extended
to Φ ∈ [−pi, pi] with ends −pi and pi identified.
4.2. Analysis at infinity
In figure 1 are shown some orbits that approaches Z = 0. The region Z < 0 is nonphysical. Combining (58) with
(62) it follows r2 = x2 + y2 + Σ2 →∞ as Z → 0.
Therefore, to analyze the dynamics at infinity the following variables (ρ, u, v) are defined:
ρ =
r
1 + r
, u = tan−1
(
Σ
x
)
, v = tan−1
(√
Σ2 + x2
y
)
, x ∈ (−∞,∞), y ∈ (0,∞), Σ ∈ (−∞,∞), (71)
such that, ρ→ 1 when r =
√
x2 + y2 + Σ2 →∞. The inverse transformation is:
x =
ρ
1− ρ cosu sin v, Σ =
ρ
1− ρ sinu sin v, y =
ρ
1− ρ cos v, u ∈ [0, 2pi] , v ∈
[
0,
pi
2
]
. (72)
The solutions are drawn using the coordinates over the Poincarè sphere:
x¯ = cosu sin v, Σ¯ = sinu sin v, y¯ = cos v. (73)
Introducing the time scaling
df
dT
=
1
1 + r
df
dλ
≡ (1− ρ) df
dλ
, (74)
the following dynamical system is obtained:
dρ
dT
=
1
2
(2ρ− 1)
(
ρ− 2
√
2(ρ− 1) sin(v)
(
sin(u) +
√
3 cos(u)
)
− 3ρ cos(2v)
)
, (75)
du
dT
=
cos(u)
(
ρ2 cos(v) cot(v)
(√
3µ tan(u) + 2
)
+
(√
3 tan(u)− 1) csc(v) ((ρ− 4)ρ+ ρ2 cos(2v) + 2))√
2ρ
, (76)
dv
dT
= −cos(v)
(√
6(ρ((µ+ 2)ρ− 4) + 2) cos(u) + 2√2(1− 2ρ) sin(u)− 6(ρ− 1)ρ sin(v))
2ρ
. (77)
As ρ→ 1−, the leading terms are:
dρ
dT
=
1
2
(1− 3 cos(2v)) + 1
2
(
−9 cos(2v)− 2
√
2
(√
3 cos(u) + sin(u)
)
sin(v) + 3
)
(ρ− 1) +O ((ρ− 1)2) , (78)
du
dT
=
(√
2 cos(u) csc(v) +
√
3
2
(
µ csc2(v)− µ− 2) sin(u) sin(v))
+
(√
2 cos(u) csc(v) +
√
3
2
(
µ csc2(v)− µ− 2) sin(u) sin(v)) (ρ− 1) +O ((ρ− 1)2) , (79)
dv
dT
=
cos(v)
(
2 sin(u)−√3µ cos(u))√
2
+
1
2
cos(v)
(
−
√
6µ cos(u) + 2
√
2 sin(u) + 6 sin(v)
)
(ρ− 1) +O ((ρ− 1)2) . (80)
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Label :
(
u
v
)  x¯Σ¯
y¯

 ρ′λ1
λ2
 Stability
Q1 :
(
pi
(
2c1 +
1
6
)
1
2
pi (4c2 + 1)
) 
√
3
2
1
2
0

 2−2√2
− 2−3µ
2
√
2
 sink for µ < 23
saddle for µ > 2
3
Q2 :
(
pi
(
2c1 +
7
6
)
1
2
pi (4c2 + 1)
)  −
√
3
2
− 1
2
0

 22√2
2−3µ
2
√
2
 saddle
Q3 :
 2pic1 + tan−1
(√
3µ
2
)
2pic2 + tan
−1
(√
3µ2+4√
6µ−4
) 

2√
3
√
µ(µ+2)
µ√
µ(µ+2)√
2µ− 4
3√
µ(µ+2)


2
(
− 4
µ+2
+ 1
µ
+ 1
)
(µ+2)
(
−µ
√
3µ2+4(µ+2)−
√
−µ2(µ+2)(3µ2+4)(3µ(4µ−3)−2)
)
(µ(µ+2))3/2
√
6µ2+8
(µ+2)
(√
−µ2(µ+2)(3µ2+4)(3µ(4µ−3)−2)−µ(µ+2)
√
3µ2+4
)
(µ(µ+2))3/2
√
6µ2+8

saddle for µ < 2
3
sink for µ > 2
3
Q4 :
 (2c1 + 1)pi + tan−1
(√
3µ
2
)
2pic2 + tan
−1
(√
3µ2+4√
6µ−4
) 

− 2√
3
√
µ(µ+2)
− µ√
µ(µ+2)√
2µ− 4
3√
µ(µ+2)


2
(
− 4
µ+2
+ 1
µ
+ 1
)
(µ+2)
(
µ(µ+2)
√
3µ2+4−
√
−µ2(µ+2)(3µ2+4)(3µ(4µ−3)−2)
)
(µ(µ+2))3/2
√
6µ2+8
(µ+2)
(
µ
√
3µ2+4(µ+2)+
√
−µ2(µ+2)(3µ2+4)(3µ(4µ−3)−2)
)
(µ(µ+2))3/2
√
6µ2+8
 saddle
TABLE I: Stability of the stationary points at infinity of system (55)-(56). c1 and c2 are integers.
In the limit ρ→ 1−, the radial equation becomes
dρ
dT
=
1
2
(1− 3 cos(2v)), (81)
and it is independent of ρ. Therefore, the stationary points at infinity are found by setting
√
2 cos(u) csc(v) +
√
3
2
(
µ csc2(v)− µ− 2) sin(u) sin(v) = 0, (82a)
cos(v)
(
2 sin(u)−√3µ cos(u))√
2
= 0. (82b)
The stability of the stationary points at infinity is found as follows. First, the stability of the pairs (u∗, v∗) which
satisfy the compatibility conditions (82) are determined in the plane u–v. Then, the global stability is examined by
substituting in (81) and analyzing the sign of ρ′(u∗, v∗). The sign ρ′(u∗, v∗) > 0 means that the region ρ = 1 is
approached meaning stability in the radial coordinate, whereas ρ′(u∗, v∗) < 0 means instability.
In table I is offered information about the location and existence conditions of these critical points.
In figure 2, the dynamics of the stationary points at infinity of system (55)-(56) in the plane (u, v) (left panels) and
over the Poicarè sphere x¯ = cosu sin v, Σ¯ = sinu sin v, y¯ = cos v (middle panels) are presented.
5. CONCLUSIONS
In this work in the context of Einstein-Scalar field theory, we determined exact and analytic solutions for the
gravitational field equations for a Kantwoski-Sachs background spacetime. The gravitational field equations provides
three unknown functions which are, the scalar field potential and the coupling functions of the scalar field with the
aether field.
For the determination of these unknown functions we apply a geometric selection rule. In particular we require the
existence of point transformations which leave the field equations invariants, while from the point transformations
we can construct conservation laws, i.e. integrals of motion, such that to simplify the nonlinear field equations and
determine the exact solutions.
In addition, the asymptotic behaviour of the field equations is studied, from where we find that the limits of Bianchi
I and closed FLRW spacetimes exist. In order to perform a complete and detailed analysis on the determination of the
stationary points we work with two different sets of dimensionless variables, the H-normalization approach, and the
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FIG. 2: Dynamics of the stationary points at infinity of system (55)-(56) in the plane (u, v) (left panels) and the projection
over the Poicarè sphere x¯ = cosu sin v, Σ¯ = sinu sin v, y¯ = cos v (middle panels).
compactification procedure. We observe that the second set of dimensionless variables provides additional information
17
for the evolution of the dynamical system.
In a future work we plan to study by using this approach the case of static spherically symmetric spacetimes and
study the existence of black-holes solutions.
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